Introduction
Let p be a prime number, and let G be a pro-p group containing an open free pro-p subgroup F . If G is torsion free, then, according to the celebrated theorem of Serre established in [6] , G itself is free pro-p. After proving this Serre asked whether this is true for abstract groups. The positive answer was given by Stallings who developed his famous theory of ends. In fact his theory implied an even more general result that a torsion free finitely generated group that virtually splits into a free product is a free product. An infinitely generated version of it is due to Dicks and Dunwoody, see [1, Chapter IV, Theorem 1.3].
In [8] the following pro-p analogue of Stallings' result was proved.
Theorem 1.1 (Weigel-Zalesskii) . Let G be a finitely generated torsion free pro-p group having an open subgroup H that splits as a non-trivial free pro-p product. Then G splits as a non-trivial free pro-p product.
The proof of this theorem, however, depends on a difficult result from [3] that describes virtually free pro-p groups.
The objective of this paper is to prove a generalization of this theorem and to give a direct simpler proof of it. For an infinite free pro-p product H D`x 2X H x we shall need ¹H x j H x ¤ 1; x 2 X º to be closed in the subgroup space of H as an extra condition. We call such a free product proper. We say also that a nonPartially supported by CNPq. 544 P. A. Zalesskii trivial pro-p group H is q-indecomposable if H does not split as a non-trivial free pro-p product H D A q B, A ¤ 1 ¤ B.
Our main result is the following.
Theorem 1.2. Let G be a second countable torsion free pro-p group having an open subgroup H that splits as a non-trivial proper free pro-p product
of indecomposable into a free pro-p product groups H x 6 Š Z p and a free pro-p group F . Then G D`y 2Y N G .H y / q F 1 is a free pro-p product of the normalizers, where F 1 is a free pro-p group and Y is some closed subset of X.
The free product of the theorem is Melnikov's free product from [4] (see Section 2). We prove in fact an even more general version of this theorem: the invariance under conjugation of G of the set of the conjugacy classes of H x is the hypothesis used in the proof.
At the end of the paper we construct an example showing that the second countability hypothesis in the main theorem is essential.
2 Free pro-p products Definition 2.1. A system E of subgroups of a pro-p group G is a map † W T ! Subgrps.G/;
where T is a boolean space and Subgrps.G/ denotes the set of all closed subgroups of G. We shall find it convenient to write G t for †.t/. We shall say that a system E is continuous if, for any open subgroup U of G, the set T .U / D ¹t 2 T j G t Ä U º is open in T .
The following lemma is an extract from [4, (1.16 ) and (1.17)].
Lemma 2.2 ([2, Lemma 1.8]). Let ¹G t j t 2 T º be a system of subgroups of a pro-p group G. The following statements are equivalent:
Next we show that a system of normalizers of groups of a continuous system is continuous.
Virtually free pro-p products 545 Lemma 2.3. Let ¹G t j t 2 T º be a continuous system of subgroups of a pro-p group G. Then the system of normalizers ¹N G .G t / j t 2 T º is continuous.
Proof. By Lemma 2.2 it suffices to prove that
this is closed since there are only finitely many distinct G t U for every such U (because the number of subgroups of G=U is finite). Since
and so X is closed.
Definition 2.4. A pro-p group G is said to be a free (internal) pro-p product of a continuous system
(ii) for every pro-p group H , every continuous mapˇW S t 2T G t ! H , whose restrictionˇt WDˇj G t is a homomorphism for every t 2 T , extends uniquely to a homomorphism W G ! H .
The definition of an external free pro-p product involves much more notation and terminology than is needed in this paper, so we refer the reader to [4] for it. What we need here only is the following proposition proved in [4, paragraph (1.16)].
Proposition 2.5. Let ¹G t j t 2 T º be a continuous family of subgroups of a pro-p group H . Then there exists a free pro-p product G D`t 2T G t .
Next we state the properties of a free pro-p product established in [4] that are frequently used in this paper.
Theorem 2.6. Let G D`t 2T G t be a free pro-p product. 
(b) ([4, Proposition 1.11]) Let H t be a subgroup of G t for every t 2 T such that S t 2T H t is a closed subset of G. Then
The next proposition collects basic properties of free pro-p products. Proposition 2.7. Let H D`x 2X H x be a free pro-p product of pro-p groups H x over a profinite space.
(a) Any finite subgroup of H is conjugate to a subgroup of H x for some x 2 X .
Proof. For parts (a) and (b) see [4, Proposition 4.9] . In order to prove (c) take
, and, by (b), one has h 2 H i .
We next state a pro-p version of the Kurosh subgroup theorem proved by Melnikov and Dan Haran independently.
Theorem 2.8 ([4]
). Let G D`t 2T G t be a second countable pro-p group decomposed as a free pro-p product and let H be a subgroup of G. There exists a closed system ¹g t; 2 H nG=G t j t 2 T º of double coset representatives such that
where F is a free pro-p group.
Remark 2.9. The free pro-p product for H in [4] is in fact over a profinite space X with the continuous surjection f W X ! T such that f 1 .t/ is homeomorphic to H nG=G t . Moreover, according to [4, Remark 5 .1] the decomposition of Theorem 2.8 holds whenever ¹H \ G g t; j g t; 2 H nG=G t ; t 2 T º form a continuous system, so ¹g t; 2 H nG=G t j t 2 T º can be chosen for convenience as long as the continuity of this system holds. In particular, we shall always assume that H \ G t takes part as a free factor in the decomposition of H for every t 2 T .
Corollary 2.10. Let H D`t 2T H t q F be a free pro-p product. Then the normal closure .`t 2T H t / H decomposes as a free pro-p product Â a
Proof. One just observes that in this case the double coset H=.`t 2T H t / H Š F , so the system of the double coset representatives can be chosen to run via F .
Definition 2.11. We say that a pro-p group 1 ¤ H is q-indecomposable if H does not split as a non-trivial free pro-p product.
Remark 2.12. By Theorem 2.8 a non-cyclic indecomposable subgroup of a second countable free pro-p product G D`x 2X G x is conjugate into a free factor G x for some x 2 X. Definition 2.13. Let G be a pro-p group and H a normal subgroup of G. A continuous system ¹H t j t 2 T º of non-trivial subgroups of H is said to be G-rigid if for any element g of G and every t 2 T the group H g t is conjugate in H to H s for some s 2 T . If ¹H h t j h 2 H; t 2 T º is invariant for any continuous automorphism of H , we use the term rigid. Note that rigidity implies G-rigidity for any normal overgroup G. If H D`t 2T H t is a free pro-p product of a G-rigid family ¹H t j t 2 T º, we say that`t 2T H t is a G-rigid free pro-p product assuming automatically that all H t are non-trivial.
Lemma 2.14. Let G be a pro-p group and let H be a normal subgroup of G. Let ¹H t j t 2 T º be a G-rigid continuous system of subgroups of H . Then the system of the normalizers ¹N G .H t / j t 2 T º is continuous and G-rigid in any subgroup
Definition 2.15. We say that a free pro-p product G D`t 2T G t is proper if ¹G t j G t ¤ 1; t 2 T º is closed in the space of subgroups Subgrs.G/ of G endowed with the Vietoris topology, i.e. the profinite topology on Subgrs.G/ obtained by observing that Subgrs.G/ is the inverse limit of the finite sets Subgrs.G=U /, where U runs through the collection of all open normal subgroups of G.
Example 2.16. We give examples of not proper and proper free pro-p products.
(a) Let … D Q 1 i D1 C pi be a direct product of groups of order p. Then the family ¹C pi j i 2 Nº [ ¹1º with C p1 D ¹1º is a continuous family over one point compactification X D N [ 1 of N and so by Proposition 2.5 one can define a free pro-p product G D`i 2N[1 C pi . This free pro-p product is not proper however, since ¹C p i j i 2 Nº is not closed in Subgrs.G/. Indeed, any open subgroup of G contains almost all C pi , so in Subgrs.G/ they converge to ¹1º.
Then ¹C pz j z 2 Z p º is a continuous system and so by Proposition 2.5 one can define a free pro-p product G D`z 2Z p C pz . This pro-p product is proper, since there is a natural epimorphism G ! C p that maps C pz to C p isomorphically and induces a continuous map
The latter shows that ¹C pz j z 2 Z p º is closed in Subgrs.G/. Lemma 2.17. Let G D`t 2T G t be a proper free pro-p product over a profinite space T and let S be a closed subset of
Since the topology of .G S / is induced from the topology of Subgrs.G S / (see Definition 2.15) and by properness of G D`t 2T G t , the set of subgroups ¹G t j G t ¤ 1; t 2 T º is closed, so is ¹G s j G t ¤ 1; s 2 S º.
We shall need the following lemma in the next section.
Lemma 2.18. Let H D`t 2T H t be a proper free pro-p product of a continuous system of finite p-groups having an open normal free pro-p subgroup F . Then for any s 2 T the subset
Proof. The group H s F is open and as ¹H t j t 2 T º is continuous, the subset
Since F is open, we have only finitely many distinct H t F and we collect all
Hence we just need to prove that T D ¹t 2 T S j H t 6 Š H s º is closed. For any t 2 T one has H t F < H s i F is a proper subgroup for some s i and so jH t j < jH s j. If T is not closed, then there exists t 2 T n T and a sequence t 1 ; t 2 ; : : : 2 T convergent to t . This means that H t Š H s . Let T 0 be a subset consisting of all t j and t . By Lemma 2.17, we have that L D hH t j t 2 T 0 i D`t 2T 0 H t is a proper free pro-p product and since X D ¹K j jKj < jH s jº is closed in Subgrs.L/, the set X \ ¹H t j t 2 T 0 º D ¹H t j jH t j < jH s j; t 2 T 0 º is closed in Subgrs.L/. This implies that
and so there exists an open normal subgroup U of L such that H t 6 Ä H t U for any t 2 T 0 n ¹t º. But then since ¹H t j t 2 T 0 º is continuous, t is isolated in T 0 , a contradiction.
The next lemma shows that the action by conjugation of a normal overgroup on a free rigid proper pro-p product induces a continuous action on the space of indices.
Lemma 2.19. Let G be a pro-p group containing a normal subgroup H which has a non-trivial decomposition as a proper free pro-p product H D`x 2X H x q F of a G-rigid continuous system of subgroups H x of H indexed by a profinite space X and a free pro-p group F . Then the action of G on H by conjugation induces a continuous action of G on X with H being in the kernel of the action. Moreover, if X is second countable, then for any closed subgroup K of G there exists a continuous section X=K ! X. The next proposition shows that in a proper free pro-p product the subfamily of q-indecomposable non-cyclic groups of a continuous family can be extended to a rigid continuous family.
Proposition 2.20. Let G be a pro-p group decomposed as a proper free pro-p product G D`t 2T G t of non-trivial q-indecomposable pro-p groups G t and let S D ¹t 2 T j G t 6 Š Z p º. Let S be the closure of S and let ¹H s j s 2 Sº be a family defined by [7, stage (4) of the proof of Proposition 30 in Section 4.5]). By [7, Exercise 5 in Section 4.5] every closed subgroup of infinite index of S is free pro-p, so K is free pro-p and ¹S t j t ¤ º is q-indecomposable (since otherwise each free factor is free and hence so is S t ). By Proposition 2.20 any continuous automorphism˛sends S i to a conjugate of S j . But S j and S i have different number of generators unless i D j . This shows that ¹S t j t 2 T º is rigid, but K is free pro-p of infinite rank and so is decomposable.
The next easy proposition shows that Theorem 1.2 includes finitely generated pro-p groups as a particular case.
Proposition 2.22. Let G be a finitely generated pro-p group. Then G decomposes as G D`n i D1 G i q F , where G i are q-indecomposable non-cyclic and F is a free pro-p group. In particular, G D`n i D1 G i q F is proper rigid and ¹G i j i D 1; : : : ; nº is G-rigid.
Proof. Without loss of generality we may assume that G D G 1 q G 2 with G 1 ; G 2 non-trivial. Refining the free decomposition if necessary and collecting free factors isomorphic to Z p we obtain a free decomposition
of a free subgroup F and q-indecomposable subgroups G i which are not isomorphic to Z p . The rigidity and G-rigidity follows from Proposition 2.20.
Virtually free pro-p products 551 We also can extend Proposition 2.22 to infinitely generated groups admitting a proper free decomposition with free factors that are either q-indecomposable or free pro-p.
Proposition 2.23. Let G D`t 2T G t q F 0 be a proper free pro-p product of nontrivial q-indecomposable pro-p groups G t and a free pro-p group F 0 . Then G decomposes as G D`s 2S H s q F , where F is a free pro-p group,`s 2S H s is proper rigid and ¹H s j s 2 sº is G-rigid.
Proof. Let H be the normal subgroup generated by H s ; s 2 S, from Lemma 2.20.
where we define H t to be trivial for every t 6 2 S . Since every G t for t 6 2 S is isomorphic to Z p , G=H D`t 2T G t =H t is a free pro-p product of infinite cyclic and trivial groups, and so is free pro-p. Let F be a retract of G=H in G. Form a free pro-p product
H s q G=H (cf. Proposition 2.5). By Proposition 2.20 it is proper rigid and ¹H s j s 2 sº is Q G-rigid. Define f W Q G ! G to be a homomorphism that sends every H s to its copy in G and G=H isomorphically onto F . We need to prove that f is an isomorphism. Clearly f is an epimorphism. To see that it is injective consider the 5-term Hochschild-Serre homology exact sequence
where K is the kernel of f . Then one just needs to prove that the induced maps and so to prove the existence of an element of N G .H x 1 / of order p we may assume that n D 2. Thus from now on X D X 1 [ X 2 is a disjoint union of clopen subsets with H x Š H i for x 2 X i , i D 1; 2. Choose central subgroups C 1 , C 2 of H 1 , H 2 of order p, respectively. Let F be the kernel of a continuous homomorphism of`x 2X H x to a central product H 1 C 1 DC 2 H 2 that sends each H x isomorphically to the corresponding H i , i D 1; 2. Let G 1 be the preimage of C 1 D C 2 in G. Then by Theorem 2.8 (see also Remark 2.9),
with C x of order p, F 1 free pro-p, and h 1 and h 2 running through coset representatives of
x are the same as F -conjugacy classes of C h i
x . Since the conjugacy class of H x 2 and hence of C x 2 in H is G-invariant, it follows that g permutes the conjugacy classes of C h 1
for some h 1 2 H x 1 , g 1 2 G 1 and therefore replacing g by gh 1 we may assume that g leaves the G 1 -conjugacy class of C x 2 invariant. If g p ¤ 1 however, then from the decomposition above it follows that g p can not fix the G 1 -conjugacy class of C x 2 unless g p 2 C x 1 n ¹1º. In the latter case however, by [2, Theorem 2.2], G 1 hgi D F Ì hgi is a free pro-p product .`T 2 .T =G 2 / C G .T // q e F , where T is the space of groups of order p and is a continuous section ( exists since G is second countable). It follows that g can normalize only C x 1 and not C x 2 in this case, a contradiction. Thus g p D 1. Lemma 3.3. Let G be a pro-p group containing an open normal subgroup which has a non-trivial decomposition as a free pro-p product H D`x 2X H x q F of G-rigid continuous system of subgroups H x of H indexed by a profinite space X and a free pro-p group F . Then:
is a closed normal subgroup of G and
for every x 2 X with H x z U = z U ¤ 1.
Proof. Since ¹H x Ä H j x 2 Xº is G-rigid, for each x 2 X we deduce the existence of y 2 X and h 2 H such that
Then z U is a closed and normal subgroup of G, and
To prove the last statement of (2) let g 2 G be such that gH x g 1 maps onto
Then H x and gH x g 1 coincide modulo z U and so are conjugate in
U and so can be written as h x u for some h x 2 H x and u 2 z U . Thus
Corollary 3.4. Under assumptions of Lemma 3.3 the following statements hold.
(b) If G is torsion free and OEG W H D p, then there exists an open normal subgroup V of G contained in H such that for every open normal subgroup U of G contained in V the set .G= z U / n .H= z U / does not have an element of order p. For every such U and N D hN G .x/ g j x 2 X; g 2 Gi we have N= z U D htor.G= z U /i, the subgroup generated by torsion.
Proof. (a) By (3.2) combined with Lemma 3.1, Define an epimorphism f W G 0 ! G that sends N G .H y / to its copy in G. Put
If the restriction f jH 0 is an isomorphism, then so is f (G is torsion free), so we just need to show this. By Theorem 2.8,
where F 0 is a free pro-p group and g y runs through the coset representatives in
H y /j and it has cardinality p if and only if the G-orbit of y has p elements. It follows that f restricted to`y 2Y`g y H g y y is an isomorphism onto`x 2X H x . This proves the proposition in the case F D 1.
If F ¤ 1, it suffices to show now that
where the last equalities of the equations follow from the application of Corollary 2.10. So the above isomorphism would show that f restricted to the normal closure .`y 2Y`g y H g y y / G 0 is an isomorphism onto .`x 2X H x / G as well. The first quotient, namely G 0 modulo the normal closure of`y 2Y`g y H g y y is just`y 2Y`g y N G .H y /=H y by equation (3.1). By Theorem 2.24, G modulo the normal closure of`x 2X H x is isomorphic to a free product of groups of order p since it is generated by torsion by Corollary 3.4 (b), so we just need to show that for y 1 ¤ y 2 2 Y with N G .H y 1 / and N G .H y 2 / not in H their images modulo the normal closure of`x 2X H x are distinct. Suppose they coincide. Then both
As was already mentioned above, by Corollary 2.10
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where Z is the image of a continuous section X=K ! X containing Y (see [5, Lemma 5.6.7] ). It follows from Corollary 3.5 that all the free factors of K except one, namely
We prove now the decomposition assuming OEG W H D p that will serve as the base for an induction.
Proposition 3.7. Let G be a second countable torsion free pro-p group containing an open normal subgroup of index p which has a non-trivial decomposition as a proper free pro-p product H D`x 2X H x q F of a G-rigid continuous system ¹H x º in H indexed by a profinite space X and F is free pro-p. Then G D`y 2Y N G .H y / q F 1 is a free pro-p product, where F 1 is a free pro-p group and Y is some closed subset of X.
Proof. Let N be the normal subgroup of G generated by normalizers
where n runs via the image of a continuous section of s W H=.H \ N / ! H and F N is free pro-p. Moreover, the system ¹H n x j n 2 s.H=.H \ N /º is continuous and H \ N -rigid. Then by Lemma 3.6 applied to the pair .N; N \ H / the group N is a free pro-p product N D`z 2Z N G .H z /, where Z is the image of a continuous section s n W .X s.H=.H \ N //=N ! X s.H=.H \ N //. By Lemma 2.14 this free product is G-rigid.
Let B be a basis of neighborhoods of 1 G 2 G consisting of open normal subgroups U of G which are contained in H and satisfy the hypothesis of part (b) in Corollary 3.4. By Lemma 3.3, z U D hU \ H h x j h 2 H; x 2 X i is a closed and normal subgroup of G, and
Moreover, U= z U is free pro-p and open in G= z U . By Corollary 3.4 (b), N z U = z U is the subgroup htor.G= z U /i of G= z U generated by torsion and so
By Theorem 2.24, .G= z U /=htor.G= z U i is free pro-p. Hence G=N is free pro-p. 
Now define f W G 0 ! G to be an epimorphism that sends N G .H y / to its copy in G and F 0 isomorphically to F 1 . Then
Thus it is enough to prove that the restriction f jN 0 is injective. By Corollary 2.10,
H y / f and since free factors are mapped to the corresponding free factors, we deduce that the restriction f jN 0 is injective. By Lemma 2.14, ¹N G .y/ j y 2 Y º is rigid and continuous. Since Z ! X=H is injective on Y , we can think of Y as a subspace of X . This finishes the proof. Theorem 3.8. Let G be a second countable torsion free pro-p group containing an open subgroup which has a non-trivial decomposition as a proper free pro-p product H D`x 2X H x q F of a G-rigid continuous system ¹H x j x 2 Xº in H indexed by a profinite space X and F is free pro-p. Then G D`y 2Y N G .H y /qF 1 is a free pro-p product, where F 1 is a free pro-p group and Y is some closed subset of X .
Proof. We use induction on OEG W H . If OEG W H D p the result is the subject of Proposition 3.7. Suppose now OEG W H > p. Let U be a proper normal subgroup properly containing H as a subgroup of index p. Then by the base of the induction U D`y 2Y N U .H y / q F U is a free pro-p product, where F U is a free pro-p group and Y is some closed subset of X. Moreover, ¹N U .H y / j y 2 Y º is G-rigid in U by Lemma 2.14. Since H D`x 2X H x q F is proper, so is
Then since OEG W U < OEG W H , the induction hypothesis yields the result.
Virtually free pro-p products 559 Theorem 1.2 now follows from Theorem 3.8 combined with Proposition 2.20.
Corollary 3.9. Let G be a finitely generated torsion free pro-p group containing an open subgroup H which has a non-trivial decomposition as a free pro-p product, i.e., there exist non-trivial closed subgroups A; B¨H such that H D AqB. Then G D G 1 q G 2 is a non-trivial free pro-p product.
Proof. Using induction on the index OEG W H we may assume that H is of index p in G. By Proposition 2.22 there exists a free decomposition H D`x 2X H x q F of a free pro-p subgroup F and q-indecomposable subgroups H x which are not isomorphic to Z p . Now the result follows from Theorem 3.8.
We finish the paper with an example showing that the hypothesis of second countability of Theorem 3.8 is essential.
Example 3.10. The example is an adaptation of an example from [2, Section 4] to the torsion free case. Let C Š C 2 . By [5, Example 5.6.8] there exists a profinite C -space X with one point x 0 fixed, all other points having trivial stabilizers, and the natural surjection C W X ! X=C that does not admit a continuous section. Let H D X .Z 2 Z 2 / be a direct product and let W H ! X be the projection. Put H x D 1 X .x/. In our case Melnikov's free pro-2 product H D`x 2X H x is defined by the following universal property: any continuous map H ! K to a pro-2 group K whose restriction to each H x is a continuous homomorphism extends to a continuous homomorphism`x 2X H x ! K. Choose a generator z of the first factor of H x 0 and define an extension G of H by C by adding a new generator c to H and imposing the following relations: c 2 D z, c 1 .x; h/c D .xc; h/ for all x 2 X , h 2 H x . We show that G cannot be isomorphic to a free product of normalizers of groups H x . Suppose there exists a profinite subspace Y of X such that G D`y 2Y N G .H y /. By Lemma 2.19, G acts continuously on X by gx D s if and only if H g x is conjugate to H s in H and this action coincides with the action of C D G=H on X given above. So the natural continuous map W X ! X=G is injective on Y and therefore . C / 1 jY is a continuous section contradicting the choice of X.
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